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Ambiguous Context-Free Grammars

Remember this unambiguous grammar?

= W INhhR

<list> ::== <list> + <digit>
<list> ::== <1list> - <digit>

<list> ::== <digit>

<digit> ::== 0]1]12|314|5|6|718]9

Even Earlier slide

input tokens: 9 - 5 + 2

Earlier slide

We’re good! We’ve run out of non-terminals to turn into

process. This is a beautiful thing... a successful parse.

1. <list> ::== <list> + <digit>

2. <list> ::== <list> - <digit> input tokens: 3 % X 3% X
3. <1list> ::== <digit>

4. <digit> ::== 0|1]2|3]4]5|6|7]8]9

S i<lists (st )

1. <list> + <digit> sl
2. <list> - <digit> + <digit> (st
3. <«digit>- <digit> + <digit> e s

4. E<digit> + <digit> (st
4. 9] |+]<digit>

4. 9] [] ( digit
Now what?

terminals at the same time as we’ve run out of input tokens to

1. <list>
2. <list>
3. <list> :
4. <digit> ::

<list> + <digit>

<list> - <digit> input tokens: 3 3% X X X
<digit>

0111213141516|7|819

. <list> E
<list> + <digit> ] I
= =
ist> = @gﬁ'j
ist> - <digit>[+] lfl_ﬁ'/ F\
e O O (=) D (s
5 <digit>E] E] ICd?gll)

Bl [ [ [& [2

4.

We've run out of non-terminals to turn into terminals at the
same time as we’ve run out of input tokens to process. This is a
beautiful thing... another successful parse, this time a right-most
derivation.

What if we had a grammar a little less cooperative?




Ambiguous Context-Free Grammars

A less cooperative grammar

<expr> ::== <expr> <op> <expr>
: == num
<op> Di== -

= W INhhR




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr>

2. ::== num input tokens: 8 - 4 + 2
3. <op> Di== -

4. == -

Left-most derivation

<expr>




Ambiguous Context-Free Grammars

A less cooperative grammar

<op>

= W INhhR

Left-most derivation

<expr>

<expr> ::

<expr> <op> <expr>
num

<expr> <op> <expr>

input tokens: 8 - 4 + 2

| expr |

,///////\\\\\\\\
() (o)




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr>

2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Left-most derivation  exer)

<expr> T~

<expr> <op> <expr> (exer) (op ) (exer)

<expr> <op> <expr> <op> <expr>

/\




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l

2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Left-most derivation  exer)

<expr> T~

<expr> <op> <expr> (exer) (op ) (exer)

<expr> <op> <expr> <op> <expr>
[num, 8] <op> <expr> <op> <expr>

/\

)




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l

2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Left-most derivation  exer)

<expr> T~

<expr> <op> <expr> ewr) (op ) ((ewr)

<expr> <op> <expr> <op> <expr>
[num, 8] <op> <expr> <op> <expr>

[num,8] - <expr> <op> <expr> T~

=) () (o
ole




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. ::== num input tokens: 8 - 4 = 2
3. <op> Pi== 4

4. == -

Left-most derivation  expr )

<expr> e

<expr> <op> <expr> (exer) (op ) (exer

<expr> <op> <expr> <op> <expr>
‘num, 8] <op> <expr> <op> <expr>
‘num, 8] - <expr> <op> <expr> T~

‘num,8] - [num,4]<op> <expr> Gﬁi)(fi)(gﬁ)




Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<op> Di== -

<expr> ::== <expr> <op> <expr>

. == num

Left-most derivation

<expr>
<expr>
<expr>
‘num, 8
‘num, 8
‘num, 8

‘num, 8

<op> <expr>

<op> <expr> <op> <expr>

<op> <expr> <op> <expr>
- <expr> <op> <expr>
-  [num, 4]<op> <expr>
- [num,4] -+ <expr>

input tokens: 8 - 4 + 2

expr

,///////\\\\\\\\
) &)

() (

|

10



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. : == num input tokens: 8 - 4 = 2
3. <op> Pi== 4

4 . e

Left-most derivation @

<expr> T~

<expr> <op> <expr> (ewr) (op ) (owr)
<expr> <op> <expr> <op> <expr>

‘num, 8] <op> <expr> <op> <expr> (=) (2)
‘num, 8] - <expr> <op> <expr> T~

‘num,8] - [num,4]<op> <expr> Gﬁi)(fi)(gﬁ)

‘num, 8] - ‘num,4] -+ <expr>

‘'num,8] - [num,4] < [num,2] (¢)(-) @




Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> :

<op>

Left-most derivation

<expr>

<expr> <op> <expr>

‘num, 8
‘num, 8
‘num, 8
‘num, 8

;== <expr> <op> <expr>
: == num

input tokens: 8 - 4 + 2

| expr |

T
=) @ =)

<expr> <op> <expr> <op> <expr>
[ <op> <expr> <op> <expr> (_) (2)
- <expr> <op> <expr> T~
-  [num,4]<op> <expr> (gi)(ﬁi)(gﬁ)
- ‘num, 4] - <expr>
- [num,4] < [num,2] () () @

‘num, 8

A depth-first in-order traversal of a CST where we print the
leaf nodes as we go will yield 8 - 4 + 2.

The shape of the CST determines the grouping.

12



Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<op> Di== -

<expr> ::== <expr> <op> <expr>

. c== num

Left-most derivation

<expr>
<expr>
<expr>
‘num, 8
‘num, 8
‘num, 8
‘num, 8

‘num, 8

Because of the shape of the tree:

<op> <expr>
<op> <expr> <op> <expr>
<op> <expr> <op> <expr>
- <expr> <op> <expr>
- ‘num, 4] <op> <expr>
- ‘num, 4’ - <expr>
- ‘num,4] -+ [num, 2]

input tokens: 8 - 4 + 2

o mmmd -

------




Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> ::

<op>

num

Left-most derivation

<expr>

<expr> <op> <expr>
<expr> <op> <expr> <op> <expr>
[ <op> <expr> <op> <expr>
<expr> <op> <expr>
<op> <expr>

‘num, 8
‘num, 8
‘num, 8
‘num, 8

‘num, 8

‘num, 4’
‘num, 4’

‘num, 4’

<expr>
[num, 2]

Because of the shape of the tree:
We broke math.

<expr> <op> <expr>

input tokens: 8 - 4 + 2

/\
=) (@ &)

oo
/\
=) ) &)
DO®

(8 - 4) + 2 = 2, which is wrong.

14



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. ::== num input tokens: 8 - 4 + 2
3. <op> Di== -

4. i== -

Right-most derivation

<expr>

15



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. ::== num input tokens: 8 - 4 + 2
3. <op> Di== -

4. i== -

Right-most derivation  exer )

<expr> e
<expr> <op> <expr> (op) (ewr)




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Right-most derivation  exer )

<expr> T~

<expr> <op> <expr> (op ) (ewr)

<expr> <op> <expr> <op> <expr>

T
= @ =




Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l
2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Right-most derivation  exer )

<expr> T~

<expr> <op> <expr> (op ) (ewr)

<expr> <op> <expr> <op> <expr>
<expr> <op> <expr> <op> [num, 2]

T
= @ =
o

18



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l

2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Right-most derivation  exer )

<expr> T~

<expr> <op> <expr> (op ) (ewr)

<expr> <op> <expr> <op> <expr>
<expr> <op> <expr> <op> [num, 2]

<expr> <op> <expr> <= [num, 2] e
=) ) =

)
) )

19



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr> l

2. ::== num input tokens: 8 - 4 + 2
3. <op> Pi== 4

4. == -

Right-most derivation  exer )

<expr> T~

<expr> <op> <expr> (op ) (ewr)

<expr> <op> <expr> <op> <expr>

<expr> <op> <expr> <op> [num, 2]
<expr> <op> <expr> <= [num, 2] e
<expr> <op> [num,4] <+ [num, 2] (}mo CWC)(éﬁ)

CDAE3NED

20



Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> :

<op>

Right-most derivation

<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>

<op> <expr>
<op> <expr> <op> <expr>

<op> <expr> <op>

<op> <expr>
<op> [num, 4]

[num, 4]

;== <expr> <op> <expr>
: == num

‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]

input tokens: 8 - 4 + 2

@
/\
@) =)
= @ =
OO®

21



Ambiguous Context-Free Grammars

A less cooperative grammar

1. <expr> ::== <expr> <op> <expr>

2. D 1== num input tokens: 8 - 4 + 2
3. <op> Pi== +

4. pi== -

Right-most derivation @

<expr> T~
<expr> <op> <expr> (ewr) (op ) (owr)
<expr> <op> <expr> <op> <expr>

<expr> <op> <expr> <op> [num, 2] (E:)(::)

<expr> <op> <expr> =~ [num, 2] i S
<expr> <op> [num,4] <+ [num,2] (}mo Cmi)(gﬁ)
<expr> - ‘num,4] -+ [num,2]

[num,8] - [num,4] < [num,2] (4)(=)(2)

22



Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> :

. == num

<op>

Right-most derivation

<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
[num, 8]

<op> <expr>
<op> <expr> <op> <expr>

<op> <expr> <op>

<op> <expr>

<op>

‘num, 4’
‘num, 4’

‘num, 4’

;== <expr> <op> <expr>

‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]

input tokens: 8 - 4 + 2

| expr |

T

expr

(=)
)

@) (=)
D/\

= @)
OO®

A depth-first in-order traversal of a CST where we print the

leaf nodes as we go will yield 8 - 4 + 2.

The shape of the CST determines the grouping.

23



Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> :

. c== num

<op>

Right-most derivation

<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>

[num, 8]

<op> <expr>
<op> <expr> <op> <expr>

<op> <expr> <op>

<op> <expr>

<op>

‘num, 4’
‘num, 4’

‘num, 4’

;== <expr> <op> <expr>

‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]

Because of the shape of the tree:

input tokens: 8 - 4 + 2

------------

24



Ambiguous Context-Free Grammars

A less cooperative grammar

= W INhhR

<expr> ::

<op>

num

Right-most derivation

<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>

[num, 8]

<op> <expr>
<op> <expr> <op> <expr>

<op> <expr> <op>

<op> <expr>

<op>

‘num, 4’
‘num, 4’

‘num, 4’

‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]
‘num, 2]

Because of the shape of the tree:
Yay, math!

<expr> <op> <expr>

input tokens: 8 - 4 + 2

| expr |

T

expr

(o

D (=)

(=)
)

)

(é

T
) (=) (=

)

CDAE3NED

8 - (4 + 2) = 6, which is correct.

25



Ambiguous Context-Free Grammars

A less cooperative grammar

. <expr> ::== <expr> <op> <expr>

. <op> Di== -

1

2. ;== num
3

4 _—

expr

derivation @ (or) (o)
( ) (&)
= ()
) )™

input tokens: 8 - 4 + 2

expr

(=)
)

@ CST from a

— 17 right-most

(or) (o) derivation
D/ T~

ololo
() )@

This is what happens with ambiguous grammars. Different
derivations can lead to different parse trees, which leads to
different meanings of the program, which leads to suffering.

26



Ambiswous Context-Free Grammars

A more cooperative grammar

1. <expr> ::== <expr> - <term>
2. ;== <term>

3. <term> ::== <term> -+ <num>
4. : :== <num>

5. <num> ::== 0]1]|2 - |9




Context-Free Grammars

A more cooperative grammar

1. <expr> ::== <expr> - <term>
2. ;== <term>

3. <term> ::== <term> -+ <num>
4. : :== <num>

5. <num> ::== 0]1]|2 - |9

Left-most derivation
<expr>

<expr> - <term>
<term> - <term>

<num> - <term>
8 - <term>
8 - <term> <+ <num>
8 - <num> < <num>
8 - 4 - <num>
8 - 4 - <num>
8 - 4 = 2

input tokens: 8 - 4 + 2

28



Context-Free Grammars

A more cooperative grammar

1. <expr> ::== <expr> - <term>
2. ;== <term>

3. <term> ::== <term> -+ <num>
4. : :== <num>

5. <num> ::== 0]1]|2 - |9

Left-most derivation
<expr>

<expr> - <term>
<term> - <term>

<num> - <term>
8 - <term>
8 - <term> <+ <num>
8 - <num> < <num>
8 - 4 - <num>
8 - 4 - <num>
8 - 4 = 2

input tokens: 8 - 4 + 2

----------------------

output: 8 - (4 = 2)

29



Context-Free Grammars

A more cooperative grammar

1. <expr>
2.
3. <term>
4.
5. <num>

<expr> - <term>

<term>

<term> - <num>

<num>
01112 -

Right-most derivation

<expr>
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<term> -
<num> -
8 ~

<term>
<term>
<term>
<term>

<num>

4

b

- <num>

I
N

I
NMNMNMNMNMNDMNMDDMNDD

| 9

input tokens: 8 - 4 + 2

30



Context-Free Grammars

A more cooperative grammar

1. <expr>
2.
3. <term>
4.
5. <num>

<expr> - <term>

<term>

<term> - <num>

<num>
01112 -

Right-most derivation

<expr>
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<expr> -
<term> -
<num> -
8 ~

<term>
<term>
<term>
<term>

<num>

4

b

- <num>

I
N

I
NMNMNMNMNMNDMNMDDMNDD

| 9

input tokens: 8 - 4 + 2

----------------------

output: 8 - (4 = 2)

31



Context-Free Grammars

A very cooperative grammar

(O I~ S VO R\ O

<expr>

<term>

<num>

<expr> - <term>

<term>

<term> - <num>

<num>
011]2

Left-most derivation

<expr>

<expr>

<term>

<num>
8

CO 00O 00 0O 0O

<term>
<term>
<term>
<term>

<term> -
- <num>
- <num>
- <num>

<num>
4
4
4

<num>

| 9

@

i
olelo
=) @& (O @
oo
olo

Same CST because
the grammar is unambiguous.

input tokens: 8 - 4 + 2

Right-most derivation

<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<expr>
<term>
<num>
8

<term>

<term> =
<term> -
<term> -

<num>
4

4
4
4
4

\%

I\)I\)I\)NNI\)I\)I\)g
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Context-Free Grammars

A note about operator precedence.

1. <expr> ::== <expr> - <term>
2. == <term>
3. <term> ::== <term> = <num>
4, : == <num>
5. <num> ::== 0]1]|2 - |9
( expr |
/\

= O

—+
o
&,
(on o
B
3
&
'.|.=

input tokens: 8 - 4 + 2

Note:
The higher the operator precedence,
the lower it goes in the syntax tree.

Why is this?

33



Context-Free Grammars

A note about operator precedence.

1. <expr> ::== <expr> - <term>
2. ;== <term>

3. <term> ::== <term> -+ <num>
4. == <num>

5. <num> == 0]1]2 - |9

( expr '

e

= O

—+

o
&,

(on o

B

3
&
' -l- }

input tokens: 8 - 4 + 2

Note:
The higher the operator precedence,
the lower it goes in the syntax tree.

This is because of the grammar.

In this example, if there is subtraction, it
has to be processed before division
because we can only divide <term>s so
we’ll have to go through production #1 to
get there, thus placing minus higher in the
derivation — and therefore higher in the
syntax tree — than division.

34



Context-Free Grammars

A note about operator precedence.

1. <expr> ::== <expr> - <term>
2. == <term>
3. <term> ::== <term> = <num>
4, : == <num>
5. <num> ::== 0]1]|2 - |9
( expr |
/\

= O

—+
o
&,
(on o
B
3
&
'.|.=

input tokens: 8 - 4 + 2

Note:
The higher the operator precedence,
the lower it goes in the syntax tree.

Why do we want this?

35



Context-Free Grammars

A note about operator precedence.

(O I~ S VO R\ O

<expr> ::== <expr> - <term>
== <term>
<term> ::== <term> - <num>
== <num>
<num> ::== 0]1]|2 = |9
( expr |
/\

input tokens: 8 - 4 + 2

Note:
The higher the operator precedence,
the lower it goes in the syntax tree.

We want this because we’re going to
process our CSTs with depth-first in-order
traversals. Since it’s depth-first, we’ll get
to and process operators lower on the
tree before the we get to and process
operators higher up the tree.




